Abstract-The respiratory control system is one of the most complex physiological systems, whose controller has been extensively modeled based on the criterion of minimizing work of breathing (WOB). However, cost functions and their related parameters are still an open topic. The aim of this paper is to evaluate different estimates of WOB for given ventilatory demands. Two known computations of mechanical work are compared with regard to an estimate proposed in this paper. Appropriate values for these parameters were found based on the best fitting of the breathing pattern obtained from experimental data during increased hypercapnia. The comparison among them was carried out from their breathing pattern predictability and the physiological viewpoint. For this purpose, two nested optimization processes were performed: minimization of prediction error, with regard to the experimental response, in order to obtain the best estimating parameters; identification of a breathing pattern that minimizes the mechanical WOB. The former was performed using Covariance Matrix Adaptation Evolution Strategy and the latter using sequential quadratic programming. Results show that the estimate proposed in this paper is less sensitive to their parameters and reaches a significantly lower prediction error of breathing pattern during increased ventilatory effort and a better interpretation from a physiological viewpoint.
fined by continuous interaction between the controller and the peripheral processes that are being controlled: ventilation and pulmonary gas exchange. The peripheral processes have been extensively studied, and their quantitative relationships have been widely described in previous reviews [2] [3] [4] [5] [6] [7] [8] . However, the behavior of respiratory controller and how afferent inputs are processed are not completely understood yet [9] .
The respiratory controller may be seen as a central pattern generator, in which rhythmic respiratory activity is produced in response to different afferent pathways [1] . In this sense, several approaches have been used to simulate this control law in respiratory modeling. Some authors consider the respiratory control system as a reflex mechanism where, in order to meet ventilatory demand, breathing pattern is adjusted (respiratory frequency and volume) from mathematical relationships obtained empirically [2] , [10] , [11] .
One classical approach to model the behavior of respiratory control system is the use of work of breathing (WOB) optimization concept. Using this approach, several models have been proposed, with minute ventilation as controlled variable. Early formulations were based on sinusoidal airflow patterns, in which respiratory frequency was fitted in function of minimum work rate criteria [12] , [13] and minimum average driving pressure [14] , [15] . Optimal criteria were also developed to predict airflow patterns. One of these criteria used the integral of the square of volume acceleration as cost function for both breathing phases with constant inspiration and expiration intervals [16] .
A model of the overall control of the breathing pattern using a two-level optimization problem was developed in [17] [18] [19] , with the purpose of optimizing both the shape of the airflow during inspiration and expiration and the values of other controlled variables (time duration of inspiration and expiration; tidal and dead space volumes) in function of ventilatory demand. This approach showed very good fitness with experimental data of subjects under both resting and respiratory workload conditions.
On the other hand, two models presented in [20] considered a simultaneous optimization of ventilation and breathing pattern under the hypothesis that all ventilatory responses, including breathing pattern and ventilation, could be direct consequences of the optimization of the spontaneous respiratory neural output. Moreover, they suggested that respiratory responses under ventilatory and mechanical stimuli could be predicted by minimization of a cost function involving both chemical and mechanical cost. The mechanical cost was obtained from functions that estimate the WOB, including efficiency factors and weighting parameters that should be adjusted according to experimental data. Although these models have been used widely [21] [22] [23] [24] [25] , the values of those parameters and their physiological meaning have not been studied yet.
Covering increased ventilatory needs and trying to minimize WOB is a common situation in ventilatory stimuli or respiratory disorders, for example, in critically ill patients that may require mechanical ventilation [26] [27] [28] . In these situations, forecasting tools based on computationally driven systems and suitable approaches to quantify WOB could be applied in order to improve treatment results [29] , [30] .
The aim of this paper is to evaluate different estimates of WOB for given ventilatory demands. Two computations of mechanical WOB (MWOB) proposed in [20] were compared with respect to an estimate proposed in this paper. These computations were selected because they comprised straightforward expressions that allowed adjusting not only the breathing pattern but also parameters related to respiratory variable waveforms.
Furthermore, due to these three estimates of MWOB that included parameters, which had not been totally determined previously, appropriate values for these parameters were found based on the best fitting of breathing pattern to experimental data during increased hypercapnia. The comparison among them was carried out depending on their breathing pattern predictability and physiological meaning. For this purpose, two nested optimization processes were performed: one involved the minimization of prediction error, with respect to experimental responses, to select the proper values for the parameters; and the other one involved the identification of the breathing pattern that minimized the WOB. The former was carried out using Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [31] , and the latter was performed using a direct search algorithm based on sequential quadratic programming (SQP) [32] .
Results showed that the estimate of MWOB proposed in this paper reached a significantly lower prediction error of breathing pattern during increased ventilatory effort and better physiological meaning of different components that comprise the WOB. Therefore, this novel method to quantify mechanical work is more appropriate to be used in the central neural control of any respiratory model, in order to simulate ventilatory stimuli or even interaction with devices that modify inspiratory flow patterns in therapy.
II. MATERIALS AND METHODS

A. Subjects and Signals
A database of eight healthy male volunteers [age (yr.): 31.9 ± 7.7; height (cm): 175.7 ± 4.3; weight (kg): 74.4 ± 7.2] was used. A Mann-Whitney test with the significance level set to 5%, which was performed for all anthropometric variables, did not show any statistically significant differences between subjects. No subject had known cardiopulmonary disease or any impairment of muscular or skeletal mobility. None was taking medication regularly. Informed consent was obtained from all subjects prior to the trial, according to the protocol approved by the Ethics Committee of the Santa Creu i Sant Pau Hospital.
Flow signal was recorded with a pneumotacograph (Valydine-CD257) and low-pass filtered with a cutoff frequency of 10 Hz. Exhaled CO 2 pressure was recorded by means of a capnometer (Hewlett-Packard 47210A) with the purpose of monitoring the subject's condition during the experiment.
B. Study Design
In order to produce a hypercapnic stimulation, each subject breathed a gas mixture with different CO 2 concentrations. Incremental levels of CO 2 produced higher levels of ventilatory demand in each subject. During the experiment, subjects were seated in a comfortable position, wore a clip on the nose, and were breathing through a mouthpiece connected to a lowresistance one-way valve. The inspiratory port of the valve was connected to an external carbon dioxide source.
The protocol began with a CO 2 free mixture. Then, CO 2 concentration in the inhaled flow increased four times every 3 min. Thus, five levels of hypercapnia stimulus (including the free of CO 2 mixture) were applied. Flow signal was processed to detect inspiration onset during each cycle.
C. Respiratory Variables
Breathing pattern under different CO 2 concentrations can be assessed by the following variables: tidal volume (V T ), inspiratory duration (T I ), and respiratory frequency (f R ). In order to analyze the breathing pattern during increased ventilatory effort, these variables were evaluated in function of total minute ventilation (V E ) and related to each other according to the following equation:
where T TOT is the total respiratory cycle duration (in seconds), which is calculated by the sum of inspiratory and expiratory phases, T I and T E , respectively. Note that, for a givenV E , T I and V T permit to obtain the remainder respiratory variables. Fig. 1 shows steady-state experimental data of T I and V T in function ofV E . It can be seen that hypercapnia produced changes inV E , which were adjusted by increasing V T and decreasing T I . These observations are according to data shown by several publications [33] [34] [35] .
Dispersion of data was measured with regard to two fourthdegree polynomials, i.e., T Ipol and V T pol , which were adjusted to experimental data of T Iexp and V T exp in function ofV E , through the following expression:
where k is the number of sample data. For this calculation, the experimental data were interpolated with regard toV E , in order to guarantee a uniform distribution. Dispersion was taken into account for evaluating the prediction capacity of each estimate of MWOB. In this case, dispersion of whole data represented the lowest boundary for prediction error of each model. It is to say, no model could provide a prediction error lower than this dispersion.
D. MWOB
Models used in this paper were proposed initially in [20] to describe the stationary response of respiratory system under hypercapnia and exercise stimuli. They were later used in other studies [21] [22] [23] [24] [25] . These models incorporate an optimal control concept, which adjusts the ventilation and the breathing pattern in function of minimizing the WOB, and include dynamic elements that relate neural activity with ventilatory mechanics [36] [37] [38] . Moreover, these models distinguish between mechanical work during inspiration and expiration, so as to adjust not only ventilation but also variables set associated with the overall breathing pattern in terms of the minimum WOB. They take into account important variables, such as f R , V T , and time intervals T I and T E .
The mechanical respiratory cost (J m ) in these models is calculated by
This equation discriminates between work performed during inspiration (W I ) and expiration (W E ) and weights their contributions by λ 2 .Ẇ I andẆ E are determined by [20] as follows:
where equation sets (4) and (5) describe two ways to quantify the WOB during inspiration [see (4a) and (5a)] and expiration [see (4b) and (5b)], and they are denoted in this paper as MWOB1 and MWOB2, respectively. Both mathematical expressions come from different and separated optimization processes, in which the breathing pattern and airflow profiles are optimized [17] [18] [19] , i.e., they are different measures to estimate the WOB. In MWOB1, (4a) and (4b) represent a classical measure of mechanical work rate for both inspiration and expiration: product of driving pressure P (t) and airflowV (t). On the other hand, for inspiration, in MWOB2, (5a) is a weighted sum of inspiratory pressure integral P (t) and the average square magnitude of volume accelerationV (t). In this equation, the former term represents a measure of the oxygen cost of breathing during an isometric contraction, and the latter term assures that rapid accelerations and decelerations are always penalized in order to avoid harmful effects. For expiration, (5b) requires volume during this phase being uniform.
In these equation sets, n represents the nonlinear variation of efficiency, and ξ 1 and ξ 2 are mechanical efficiency factors defined by
where P (t) is the pressure generated by respiratory muscles, and it is defined as a piecewise function: a quadratic function during inspiration and a negative exponential function during expiration. Formally, we have
In both MWOB1 and MWOB2, the efficiency factors ξ 1 and ξ 2 are related to the capacity of the respiratory muscles to perform mechanical work. They take into account effects of respiratory mechanical limitation and decrease with increasing effort [20] .
Dynamic air motion through the ventilatory mechanics can be represented by the following equation:
where parameters R rs and E rs represent the total flowresistance and volume-elastic components of the respiratory system, respectively. V (t) can be obtained by solving (8) .
Values of R rs and E rs , as well as the value ofṖ max , for mechanical plant efficiency [see (6) ] were determined for healthy adult subjects, according to [20] . P max was set to 50 cmH 2 O, due to increased risk of barotrauma at higher pressures in both healthy and pathological subjects [39] , [40] . Table I shows the values selected for each parameter.
E. Proposed MWOB
Physiological reasons that motivated the equations MWOB1 and MWOB2 were mainly related with control of respiratory muscles: minimizing oxygen consumption during ventilation (3)- (8) and preventing some harmful effects (high inspiratory pressures, high rate of changes in flow, etc.).
Analyzing the sign of muscle pressure and airflow signals during a respiratory cycle using MWOB1 [see (4a) and (4b)], it can be noticed that the mechanical work during expiration is negative (V (t) < 0 and P (t) > 0). Although there are good reasons to assume that, during inspiration, the oxygen consumption of muscles is roughly proportional to the mechanical work generated by them, this approach may not be reasonable for the expiration because, at the beginning of a normal expiration, the inspiratory muscles continue their action by opposing the expiration and performing an inverse work with an oxygen consumption that, although could be smaller than inspiratory work [41] , implies a waste of energy that is not described by (4b).
On the other hand, MWOB2 shows that work during inspiration is a weighted sum by factor λ 1 of integral of both inspiratory pressure and square of volume acceleration [see (5a)]. The integral of inspiratory pressure (Ẇ I 1 ) represents the oxygen cost of breathing during an isometric contraction [7] , and the integral of average square of volume acceleration (Ẇ I 2 ) penalizes rapid changes of airflow rate, due to the fact that the efficiency of muscle contraction decreases with high accelerations and high shortening velocities [41] .
In addition, breathing work during expiration depends on uniformity of expiratory flow in MWOB2 [see (5b)]. Unlike that of MWOB1, MWOB2 work is always positive; hence, its physiological meaning would be more suitable.
Nevertheless, the equation of MWOB2 during inspiration could be improved, including the influence of inspiratory airflow. Such modification would provide direct information about the energy spent to reach a target ventilatory demand. Thus, the breathing pattern during inspiration would depend on variables commonly related with WOB (airflow and airway pressure) [7] , [42] . Moreover, including the inspiratory airflow in (5a) implies that the respiratory controller will optimize the airflow waveform. This fact would result in particular interest to suitably identify airflow patterns to be applied from a mechanical ventilator to critical care patients. Therefore, an alternative equation for calculating MWOB during inspiration is shown in (9a), and it is called MWOB3 in this paper. Equations associated with MWOB3 are the following:
Similar to MWOB2, MWOB3 also takes into account the effect of volume acceleration on inspiratory and expiratory work rate [see (9a) and (9b), respectively]. This expression allows minimizing the energy consumption of respiratory muscles during expiration with movements as smooth as possible, avoiding rapid changes in airflow rate [19] . According to (9a), inspiratory work will increase in case of turbulent airflow (high airflow and volume acceleration), which occurs in obstructive diseases where high respiratory frequencies are needed to overcome increased airway resistance.
In any case of MWOB1, MWOB2, or MWOB3, parameters λ 1 , λ 2 , and n have not been previously set. Examples of simulations with values 1 and 3, for λ 2 and n, respectively, were shown for MWOB1 in [20] .
F. Optimization Process
According to the control law considered in this paper, responses to ventilatory stimuli should ensure both minimizing MWOB and a good fitting to the population under study. Therefore, this process involved two nested optimizations: breathing pattern by the set of five parameters and the adjustment to experimental data by parameters λ 1 , λ 2 , and n (see Fig. 2 ).
The former, given the parameters in Table I , was performed by minimization of MWOB [see (3) ] in function of five parameters that define airway pressure waveforms [see (7a) and (7b)] as follows:
where a 0 in (7a) was equal to zero. The implementation of this controller was carried out by SPQ [43] , [44] , using Matlab optimization toolbox. This technique allowed minimizing the scalar function J m within a region specified by constraints and bounds.
The latter was accomplished by means of identification of three parameters related with MWOB: the weighting indexes of inspiratory work and expiratory work (λ 1 and λ 2 , respectively) and the index of efficiency of mechanical plant (n).
The cost function to be minimized was the prediction error (%P E). This function allows measuring differences between simulated and experimental data, as follows:
where var EXP and var SIM represent experimental and simulated variables, respectively, and k is the number of values ofV E . In order to guarantee results with physiological sense, the searching space for {λ 1 , λ 2 , n} was defined within the physiological range Fig. 2 . Flowchart of two nested optimization processes implemented to adjust the parameters of the estimates of MWOB under study using experimental data (EXP) and simulated data (SIM).
The searching space of optimal parameters {λ 1 , λ 2 , n} was identified as a roughness space with a significant number of local minimum, where direct search techniques are not suitable [31] . A technique that has shown a good performance in this kind of optimization problem is the CMA-ES optimization technique [31] . This technique was used to adjust the parameters of MWOB1, MWOB2, and MWOB3, and with the purpose of ensuring reproducibility and a good fitting in each estimate, this process was run 25 times, recording the best and average values of each iteration.
Concerning parameter values to be adjusted, as (3) states, the parameter λ 2 weighs the contribution ofẆ E overẆ T . ForẆ I , n represents the nonlinear variation of mechanical efficiency in all estimates of MWOB [see (4a), (5a), and (9a)], whereas the parameter λ 1 weighs the effects ofV (t) overẆ I , in both MWOB2 and MWOB3 [see (5a) and (9a)]. As it was mentioned earlier, these three parameters had not been determined previously, and any range of values had been proposed. However, it seems reasonable that their values cannot be very high because the following phenomena do not make sense: a relevant role of the expiration with respect to the inspiration when measuring WOB (high λ 2 ) as well as the effect of volume acceleration emphasized with respect to the work necessary to reach the maximum inspiratory pressure (high λ 1 ) and a strong increase of nonlinear mechanical effects (high n). In this sense, the searching space for {λ 1 , λ 2 , n} was also determined within the following extended range:
In addition, in order to also analyze if the work found after minimization is a local or global minimum within the physiological range, the minimization was repeated considering the extended range of searching values. The resulting estimates of these second optimizations were named MWOB1', MWOB2', and MWOB3', respectively.
G. Validation
With the aim of statistically comparing results in terms of %P E, optimal parameter dispersion, and model structures, the Wilcoxon-Mann-Whitney (WMW) nonparametric test was used in different ways with a significant level of α = 0.05.
The leaving-one-out cross-validation technique (LOO) was used to validate the optimal values obtained for λ 1 , λ 2 , and n, in all estimates. In order to guarantee the reproducibility of the results, this process was carried out 25 times per each subject left out. Median values of parameters were considered in each case, and %P E was calculated with respect to experimental data of the subject left out in each iteration.
The following indexes were calculated in order to determine the adjustment level of each estimate of MWOB to experimental data of each subject: 1) %P E T I and %P E V T , which are the prediction errors of T I and V T , respectively; 2) MSE T I and MSE V T , which are the sum of squared errors of T I and V T with regard to median central tendency of experimental data in each stimulus level, respectively. MSE is the mean value between MSE T I and MSE V T .
III. RESULTS
A. Breathing Pattern
Experimental data dispersion was calculated with (2). The average values obtained for T I (D
, and both variables (D TOT ) were 8.98%, 8.99%, and 8.99%, respectively. As it was mentioned earlier, these dispersions represent the lowest boundary of %P E of each estimate of MWOB, so that no estimation can provide an average prediction error lower than such dispersions. Table II shows values of λ 1 , λ 2 , and n obtained for each estimate during the validation process with LOO. Table III shows the values of %P E and %MSE achieved in each estimate of MWOB. Values of mean and standard deviation are presented in each case. It can be seen that %P E values were greater than experimental data dispersion values, in all estimates.
MWOB1 and MWOB3 provided very similar optimal values for λ 1 , λ 2 , and n, considering the extended searching spaces. Thus, it could be inferred that optimizations resulted in global minimum works. Only in MWOB2, the optimal solution changed when the range of values was extended. It means that optimization in MWOB2' found a global minimum work and resulting parameters with very high values emphasized excessively the contribution of some effects into the total work, as mentioned earlier. This is the reason for which the optimal solution for λ 1 in MWOB2 (when 0 < λ 1 < 2) reached the upper bound, which indicated that it was a local minimum. Therefore, due to the fact that the aim of this paper is assessing the estimates of MWOB from pattern breathing predictability and physiological meaning, the following analysis is mostly focused on the results obtained with the searching space defined by (12) . Fig. 3 shows T I and V T in function ofV E for MWOB1, MWOB2, and MWOB3. Despite the scattering of experimental data, it can be seen that MWOB3 had the best performance for both variables.
According to Table III, MWOB3 presents the best adjustment of T I and V T to experimental data, with an improvement of 50.83% over MWOB1 and 33.21% over MWOB2. Fig. 4 shows the distribution of these values.
The WMW test was used to quantify differences among estimates of MWOB, with regard to predictability of their breathing pattern, when they were compared with experimental data. Table IV shows p-values obtained between paired estimates formed from MWOB1, MWOB2, and MWOB3, which were the estimates whose searching space was restricted to physiological ranges. It can be seen that the predictability of the last one was statistically better than the remainder ones. In addition, although there were no significant differences between MWOB1 and MWOB2, a statistical trend was identified for both (p-value < 0.1).
On the other hand, in order to assess sensitivity of the adjustment of breathing pattern on parameter values around optimal values of each estimation, intervals for λ 1 , λ 2 , and n that produced a %P E no higher than 5% of their minimum values were identified. Table V shows the intervals obtained for each parameter, as well as their percentage ranges calculated from optimal values. It can be seen that MWOB3 was the estimation with high intervals (in %) for all parameters, which indicates the lowest overall sensitivity around its optimal values. Thus, the equations that measure MWOB3 were not very dependent on the parameters λ 1 , λ 2 , and n, i.e., the estimation did not properly work only for specific values of these parameters, but the minimization that predicted the breathing pattern works almost optimally in the ranges shown in Table V . In addition, these ranges were located in values with physiological meaning.
B. MWOB
Fig . 5 shows the resulting five parameters (a 1 , a 2 , t 1 , t 2 , τ) associated with the respiratory variable waveforms after the optimization of breathing pattern. Parameters are plotted as a function ofV E . For MWOB1, time constant (τ ) during expiration, which is directly related to expiration interval (t 2 ), did not show linear tendencies at higher levels of ventilation. A similar behavior was found for P t 1 , i.e., the maximum inspiratory pressure. Due to this, MWOB1 did not seem to properly simulate the expected breathing pattern with increased ventilatory efforts. On the other hand, MWOB2 and MWOB3 showed almost linear trends in their parameters, but the latter presented lower P t 1 in all levels of ventilation due to lower values of a 1 , which is the slope of increased pressure during inspiration. Thus, the proposed equations for MWOB3 reached lower pressures and lower mechanical work. 6 displays the instantaneous driving pressure, airflow, and volume waveforms predicted by MWOB1, MWOB2, and MWOB3 for two ventilation levels. Pressure and airflow profiles during inspiration presented a concave shape in MWOB2 and MWOB3 produced by the parameter a 2 . On the contrary, in MWOB1, pressure and airflow waveforms were associated to ramp and rectangular functions, respectively, during inspiration, due to values of parameter a 2 close to zero.
Components of MWOB (Ẇ E ,Ẇ I ,Ẇ I 1 , andẆ I 2 ) and mechanical cost (J m ) during increased respiratory efforts and their relative contribution on total work (Ẇ T ) and inspiratory work (Ẇ I ) are represented in the left and right columns in Fig. 7 , respectively.
Work components and J m in function ofV E are shown on the left column. An increase in magnitude with higher levels of ventilation was found, as expected. The right column depicts the work components as a percentage ofẆ T andẆ I , depending on levels ofV E that were depicted by a stacked bar chart.
In MWOB1, in almost all levels ofV E , more than 50% of energy used during contraction of inspiratory muscles was recovered during expiration (due toẆ E < 0). In this estimate, W T was lower thanẆ I because perceptual contribution ofẆ I onẆ T was greater than 100%. On the contrary,Ẇ E constituted an additional work that increased with increasing ofV E . Contribution of bothẆ E andẆ I 2 onẆ T andẆ I , respectively, increased with higher levels ofV E in MWOB2 and MWOB3. Thus, expiratory work became more important with higher respiratory efforts and ventilation. In the case ofẆ I 2 , which is associated to volume acceleration, a slight increase in percentage with higher levels of ventilation was found, probably due to loss of efficiency of muscle contraction. In MWOB2, this contribution was only slightly higher than in MWOB3 and very high in MWOB2'. Therefore, for MWOB2', the contribution ofẆ I 2 overẆ T is not logical if it is considered that this contribution is only associated to either airway turbulences, rapid changes, airflow rate, or disturbances.
It can be noticed that equations of MWOB2' have reached parameter values far away from physiological ones, in order to obtain a predictability of breathing pattern similar to MWOB3. In addition, work related to volume acceleration was too high with respect to the total inspiratory work in MWOB2'; thus, this estimate with these parameter values is not logical from the physiological viewpoint, and it does not make any sense in spite of its low error prediction.
IV. DISCUSSION AND CONCLUSION
Three different computations to estimate MWOB for given ventilatory demands have been presented in this paper, i.e., two of them reported in [20] (MWOB1 and MWOB2) and a third one proposed in this paper (MWOB3). All of them were based on the principle of breathing pattern optimization and respiratory mechanical cost minimization. The difference among them was depending on equations proposed to quantify the mechanical work of respiratory muscle during inspiration and expiration [see (4a)-(5b), and (10)].
These estimates involved two nested optimizations: breathing pattern optimization and adjusting of their responses to experimental data. Breathing pattern was optimized cycle by cycle, depending on five parameters that defined respiratory variable waveforms (i.e., t 1 , t 2 , a 1 , a 2 , and τ in (10)) using SQP, while their responses were fitted to experimental data by adjusting two weighting parameters of inspiratory and expiratory work and an index of efficiency of mechanical plant (i.e., the parameters λ 1 , λ 2 , and n, implicit in (11)) using CMA-ES, which is an evolutionary algorithm.
With regard to the optimal parameters (t 1 , t 2 , a 1 , a 2 , τ) associated with the breathing pattern, i.e., with waveforms of respiratory variables, both MWOB2 and MWOB3 showed almost linear trends with respect to ventilation. However, the latter presented lower maximum inspiratory pressures (see Fig. 5 ) and then lower mechanical work. On the other hand, pressure and airflow profiles during inspiration presented a concave shape in MWOB2 and MWOB3 because values of a 2 were more negative in these estimates than in MWOB1, and this was the reason why the airflow waveform was rectangular in MWOB1 (see Fig. 6 ). The concave shape of airflow in MWOB2 and MWOB3 provided a sudden rising at the beginning of inspiration followed by a deceleration until the end of expiration (see Fig. 6 ). These optimization results showed that decelerating waveforms are more economical in terms of MWOB.
It has been published that the more economical airflow waveforms are rectangular [45] . However, decelerating inspiratory airflow patterns have been observed in healthy subjects [46] , and even figures in [47] showed similar waveforms, as found in our study. Moreover, decelerating waveforms were found to be the most favorable and comfortable flow pattern for ventilated patients with chronic obstructive pulmonary disease [48] .Thus, results and conclusions in [46] [47] [48] were aligned to the ones obtained in this paper.
Physiological values of the parameters λ 1 , λ 2 , and n found for each estimate allowed obtaining a good prediction of breathing pattern during increased respiratory efforts with errors lower than 20%. However, the predictability of breathing pattern for MWOB3 was statistically significantly better than that for MWOB1 and MWOB2. The proposed estimate MWOB3 reached fitting its response to experimental data with a low prediction error (P E = 9.776%), which is only slightly higher than data dispersion (D T = 8.99%).
No study where these equations have been used to estimate MWOB, except [20] , has provided information about the parameter values set for λ 1 , λ 2 , and n [21] , [23] , [24] . In [20] , λ 2 was selected so that values of t 2 and P (t 1 ) were comparable to experimental values normally seen in human subjects, and n was selected according to experimental data of hypercapnic ventilatory responses of subjects under inspiratory resistive loads (IRLs). Authors in [20] used λ 2 = 1 and n = 3 as nominal values and pointed out that larger values of n would be related to even higher IRL, where the efficiency factors ξ 1 and ξ 2 would be very significant. Experimental data used in our study corresponded to healthy subjects under hypercapnic stimuli without IRL. Therefore, the searching value space used during optimization (from 0 to 2) and the optimal values found in our study were in the same range as the ones proposed in [20] .
With regard to the parameter λ 2 , the value found for MWOB1 (1.942) provided negative expiratory work and higher than 50% of inspiratory work for almost all ventilatory levels analyzed in this paper. This means that more than 50% of work used during inspiratory phase is recovered during expiration. On the other hand, the values of λ 2 obtained for MWOB2 and MWOB3 (0.484 and 0.568, respectively) denoted that contribution of expiratory work was positive (additive) and about [15%, 30%] and [25%, 35%] of total work, respectively, for all ventilatory levels (see right column in Fig. 7 ). Unlike MWOB1, these results can be considered physiologically more logical, because at the beginning of a normal expiration the inspiratory muscles continue their action by performing an opposite mechanical work that, although is smaller than mechanical work performed during inspiration, implicates a waste of energy according to [7] . Thus, the optimal values for λ 2 less than unity, which were found in MWOB2 and MWOB3, were logical from a physiological viewpoint.
On the other hand, the termẆ I 2 in (5a) and (9a) allows considering the fact that mechanical work performed by inspiratory muscles is not always a satisfactory approximation of the oxygen cost of muscular work [42] , [49] [50] [51] . Moreover, this term could be also related to the energy needed to stabilize the abdomen or distort the chest wall during high ventilatory levels, where it could represent the 25% of total work [42] , [52] . From this point of view, MWOB2 and MWOB3 permitted to predict this phenomenon because the contributions of this componentẆ I 2 over total work (Ẇ T ) were about [35%, 45%] and [25%, 35%] for MWOB2 and MWOB3, respectively, for all ventilatory levels (see Fig. 7 ). With regard to MWOB2', due to a much higher value of λ 1 , this contribution was [50%, 60%], which is excessive according to [42] and [52] . We can conclude that equations of MWOB2' with this parameter value are not logical from the physiological viewpoint and it does not make sense in spite of its low error prediction.
MWOB3, in addition to having the best predictability and physiological interpretation, was also the estimation with lower sensitivity of parameters (λ 1 , λ 2 , n) around their optimal, i.e., the prediction error is almost minimum in a wider range of values with physiological meaning. Thus, MWOB3 properly works not only for specific values being more robust to these parameters. This robust behavior may account for the variability that exists in the breathing pattern among subjects, in terms of V T , T I , andV E .
Finally, it can be concluded that optimization of the proposed estimate MWOB3, whose parameter values are within a physiological range, permits to properly predict the breathing pattern during increased respiratory efforts. Therefore, this novel approach to quantify mechanical work is more appropriate to be used in the central neural control of any respiratory model to simulate dynamic responses of ventilatory stimuli, such as hypercapnia, or even interaction with devices that modify inspiratory flow pattern during therapy. Moreover, this novel estimate with the same parameter values λ 1 , λ 2 , and n related to mechanical cost indexes could be used to predict ventilatory responses of obstructive and restrictive patients. Only the mechanical parameters resistance (R rs ) and elastance (E rs ) of respiratory system should be changed according to the characteristics of these pathologies.
Moreover, this computational model has been developed to evaluate its improvement to simulate the respiratory response, by selecting appropriate values for the parameters λ 1 , λ 2 , and n. Once these parameters are set, only the MWOB3 must be minimized to find the five parameters (t 1 , t 2 , a 1 , a 2 , and τ ) associated with breathing pattern for any ventilation. Thus, only one optimization must be carried out. This optimization was fast enough to predict pattern changes within a respiratory cycle, i.e., cycle by cycle.
A possible limitation of the present study is related to the sample size. For this reason, it is expected to extend the results with more subjects in further studies, in order to confirm that the analyzed group is representative enough and also to confirm the present results and conclusions. However, differences obtained among models of MWOB were statistically significant; the effect size statistics, which depends on the sample size, was taken into account; and size of the population was the same as that employed in other respiratory studies [53] [54] [55] . For these reasons, we can conclude that these results can be considered relevant and of interest.
Undoubtedly, we are far from an expert system to simulate completely the respiratory response, for example, in mechanical ventilation where better parameters to cover the increasing demands could be suggested minimizing the WOB. Most likely, this is how to achieve, in the future, a tool with a better computational model that allows improving patients' monitoring and safety care.
